The interaction between colloidal particles is well represented by a hard-core two-Yukawa potential. In order to assess the accuracy of theoretical predictions for the thermodynamic and structural properties of mixed colloids, standard Monte Carlo simulations are carried out for the hard-core two-Yukawa mixtures. In the simulations, one range parameter in the two-Yukawa potential is taken as 1.8 or 2.8647, and another is taken as 4, 8, or 13.5485. Both attractive and repulsive dominant cases of the potential outside the hard core are considered. The effects of temperature, density, composition, size and energy parameter ratios on internal energy, compressibility factor, and radial distribution function are investigated extensively. Theoretical calculations are performed in the framework of analytical solution for the Ornstein-Zernike equation with the first-order mean spherical approximation ͑FMSA͒. Our analysis shows that the FMSA is very accurate for the prediction of the compressibility factor of the hard-core two-Yukawa mixtures at all conditions studied. The FMSA generally predicts accurate internal energy, but overestimates the internal energy of the systems at lower temperatures. Furthermore, we found that a simplified exponential version of the FMSA predicts fairly good radial distribution function at contact for the mixed two-Yukawa fluids. The comparison of the theoretical compressibility factor with that from the Monte Carlo simulations suggests that the FMSA can be used to investigate the fluid-fluid equilibria of hard-core two-Yukawa mixtures.
I. INTRODUCTION
The various interactions between atoms and molecules govern the structural and thermodynamic properties of fluids. In principle, they can be calculated using quantum mechanics, but such calculations are far from trivial, requiring electron correlation and large basis sets. 1 In practice, we model the interatomic potential curve using a simple empirical expression such as square-well, Lennard-Jones, Yukawa potentials, etc. Among the empirical potentials, the fluid with multi-Yukawa potential is able to simulate real systems without losing generality. It can be successfully applied to a wide variety of real systems including charge-stabilized colloids, 2 dusty plasmas, 3 microemulsions, 4 globular proteins, 5, 6 and C 60 fullerene systems. 7 A charged colloidal particle system with a short-range attraction and a long-range electrostatic repulsion has been successfully described on the basis of the well-known Derjaguin-Laudan-Verwey-Overbeek ͑DLVO͒ theory, which is also expressed as a Yukawa potential. 5 The hard-core two-Yukawa ͑HCTY͒ potential has been used to predict thermodynamic and diffusion properties of globular proteins in aqueous electrolyte solution 5, 8 and to explain the small-angle neutron scattering spectra of cytochrome C protein solutions at moderate concentrations. 9 In addition, the Lennard-Jones potential can also be well approximated by a hard-core repulsion with two-Yukawa tails. 10 An obvious advantage of Yukawa potential is that the analytical expressions for structural and thermodynamic properties of fluid are easy to obtain. Waisman 11 obtained the analytical solution of the Ornstein-Zernike ͑OZ͒ integral with the mean spherical approximation ͑MSA͒ for oneYukawa potential in 1973. Then the analytical solution based on the MSA is extended to a system of particles interacting with a multi-Yukawa potential by Blum and Høye. 12 Most of the previous studies on pure Yukawa fluid concern some sort of numerical techniques leading to the convergence problems. 2 Using the inverse temperature expansion of the MSA free energy up to the fifth term, Henderson et al. 13 obtained an analytical equation of state. Another simple form of pressure equation for the one-Yukawa fluid is proposed in terms of a scaling parameter ⌫.
14 By performing an infinite expansion of the free energy in terms of the inverse temperature, 15 the theory of Henderson et al. 13 can be made more accurate for equation of state. Recently, Lin et al. 16 revised the excess entropy for the two-Yukawa fluid and obtained an equation of state that can be used to accurately predict the thermodynamic properties for the HCTY fluid. In recent years, a numerous computer simulation data have been used to test the prediction accuracy of the integral equation theory and perturbation theory for the phase transition, and the thermodynamic and structural properties for the attractive and repulsive one-Yukawa fluids 17, 18 and the HCTY fluid. [19] [20] [21] It should be mentioned that the analytical solution of the OZ equation with the first-order mean spherical approximation ͑FMSA͒ proposed by Tang 10 and Tang et al. 20 has a relatively simpler expression for the thermodynamic properties of hard-core multi-Yukawa fluid, and it also predicts the compressibility factor of HCTY fluid very well. 20 This FMSA theory has been recently applied to calculate the concentration dependence of the osmotic pressure for four globular proteins in aqueous electrolyte solutions. 5 In contrast to the pure fluid with Yukawa potential, few works have been reported for HCTY fluid mixture. Theoretically, the analytical solution of the OZ equation with the MSA derived by Blum and Høye 12 has been extended to the hard-core multi-Yukawa mixtures by Arrieta et al., 22 while no computer simulation is carried out to test this analytical results for multi-Yukawa mixtures. Recently, SchollPaschinger et al. 23 predicted the phase diagram for the binary symmetric hard-core Yukawa mixture using a self-consistent OZ equation and compared their numerical results with the Monte Carlo ͑MC͒ simulation data. Giacometti et al. 24 compared the structural properties of binary one-Yukawa mixtures from the hypernetted-chain and Percus-Yevick approximations with the corresponding simulation data. Among the various approximations for the OZ equation, only MSA gives analytical solution for the multi-Yukawa mixtures. However, in the MSA approach, the correct coefficients of the analytical form have to be obtained by solving a group of nonlinear equations, and the complexity is increased with the number of terms in the multi-Yukawa potential and the components in the system. Fortunately, the FMSA can avoid solving the group of nonlinear equations and still give analytical expression of Helmholtz free energy. Therefore, the FMSA is adopted here to retrieve the thermodynamic and structural properties of mixed colloids. Colloidal dispersion systems include blood, proteins in solution, milk, ink, etc. They are very important for biology, industrial production, and our everyday life. 25 Since these systems are generally polydisperse in size and in interaction energy, we investigate here the thermodynamic and structural properties for binary mixed colloids as a starting point. We model the mixed colloidal system as a binary HCTY mixture, where the first Yukawa tail is used to simulate the van der Waals interaction and the second Yukawa tail is for the TABLE I. Radial distribution function at contact, internal energy, and compressibility factor of hard-core two-Yukawa fluid mixture from Monte Carlo simulations for 2 / 1 = 0.5, 2 / 1 = 0.5, 1,1 = 1,2 = 1,12 = 1.8, 2,1 = 4.0, and k 1 = k 2 = 1.0 ͑case 1͒. In what follows, we present the MC simulation method to calculate structural and thermodynamic properties of binary HCTY mixtures in Sec. II. We describe the analytical theory in Sec. III. We present and discuss numerical results for the compressibility factor, internal energy, and radial distribution function in Sec. IV, and some conclusions are given in Sec. V.
II. MONTE CARLO SIMULATIONS
Canonical ensemble ͑NVT͒ Monte Carlo simulations were performed for the structural and thermodynamic properties of binary HCTY fluid mixtures under various conditions, where N is the number of particles, T is the absolute temperature, and V is the volume of the system. The interactions between the HCTY particles are described as
where r is the center-to-center distance between two interacting particles, ii is the hard-core diameter of particle i, k,ij and k,ij represent, respectively, the potential energy parameter and the screen length of kth Yukawa tail. The first Yukawa tail represents the van der Waals interaction, and in this case, we assume 1,ii = 1,jj = 1,ij . Since the second Yukawa tail represents the DLVO theory, we can obtain 2,ii / ii = 2,jj / jj = 2,ij / ij from the fact that the two kinds of colloids are in the same electrolyte solution. If we let 1,ij = ij and 2,ij = k ij ij , the Lorentz-Berthelot combining rule can be used to obtain the cross parameters of energy and hard-core diameter, i.e., ij
In all cases studied, we regarded ii
, and 2,ii = 2,i .
In the simulation, the internal energy is obtained through U = U s + U l , where U s is the internal energy averaged from TABLE II. Radial distribution function at contact, internal energy, and compressibility factor of hard-core two-Yukawa fluid mixture from Monte Carlo simulations for 2 / 1 = 0.5, 2 / 1 = 0.5, 1,1 = 1,2 = 1,12 = 1.8, 2,1 = 8.0, and k 1 = k 2 = −6.0 ͑case 2͒. the MC simulation with the cutoff radius of r c , and U l is the long-range correction of the internal energy derived from the energy equation.
where ͗ ͘ ens represents the ensemble average, is the total number density of the system, and x i is the molar fraction of component i. Equation ͑3͒ is obtained from energy equation by assuming the radial distribution function g ij ͑r͒ = 1 when r Ͼ r c . The coefficient D ij is expressed as
The compressibility factor Z of the binary HCTY mixture is obtained based on the pressure equation,
where k B is the Boltzmann constant. The integral in the righthand side can be obtained from the sum of the integrations in the three intervals, i.e., r = ij , ij Ͻ r ഛ r c , and r Ͼ r c . Thus Eq. ͑5͒ can be written as
where
with TABLE III. Radial distribution function at contact, internal energy, and compressibility factor of hard-core two-Yukawa fluid mixture from Monte Carlo simulations for 2 / 1 = 0.5, 2 / 1 = 0.5, 1,1 = 1,2 = 1,12 = 1.8, 2,1 = 8.0, and k 1 = k 2 = −12.0 ͑case 3͒. TABLE IV. Effect of particle size on radial distribution function at contact, internal energy, and compressibility factor of hard-core two-Yukawa fluid mixture from Monte Carlo simulations for x 1 = 0.5, 2 / 1 = 0.5, 1,1 = 1,2 = 1,12 = 1.8, 2,1 = 4.0, and k 1 = k 2 = 1.0 ͑case 1͒. 
͑10͒
From Eqs. ͑6͒-͑10͒, one can see that Z l can be calculated directly, and Z s can be averaged from the MC simulation. To obtain Z h , we need the values of radial distribution function at contact. In this work, they are extrapolated from the radial distribution functions in the vicinity of contact.
In the NVT MC simulations, N = 500 particles were placed in a cubic box of length L and the standard Metropolis algorithm with periodic boundary conditions were applied. In each simulation, about 5 ϫ 10 4 MC cycles ͑2.5ϫ 10 7 configurations͒ were used to equilibrate the system. After equilibration, internal energy, compressibility factor, and radial distribution function were obtained using appropriate averages over the subsequent 9.5ϫ 10 5 MC cycles. In each simulation, the value of cutoff radius was selected to 3.6 1 ഛ r c ഛ 5.9 1 , depending on the density of the system. The MC simulations were carried out for the binary HCTY mixture under various conditions. The studied parameters in the HCTY potential are designed as the following cases: In cases 1-3, we select 1,1 = 1.8 due to the fact that it is frequently used to represent the dispersive interaction ͑with Yukawa potential͒ between colloidal particles. 8 In case 1, there is no repulsive interaction outside the hard core. Cases 2 and 3 are examples for the interaction between real charged protein molecules in a binary mixture, and case 4 represents the Yukawa potential that mimics the behavior of the wellknown Lennard-Jones potential.
III. ANALYTICAL THEORY
The integral equation theory with the FMSA has been proposed to model attractive hard-core one-Yukawa and TABLE VII. Effect of energy parameter on radial distribution function at contact, internal energy, and compressibility factor of hard-core two-Yukawa fluid mixture from Monte Carlo simulations for x 1 = 0.5, 2 / 1 = 0.5, 1,1 = 1,2 = 1,12 = 1.8, 2,1 = 8.0, and k 1 = k 2 = −6.0 ͑case 2͒. multi-Yukawa spheres. 20 Here we systematically apply this approach to mixture fluid and see how well it describes the behavior of the binary HCTY mixtures.
A. Thermodynamic properties
According to the FMSA of Tang, 10 analytical expression for the Helmholtz free energy can be expressed as
where A E is the total excess Helmholtz free energy of the system, a 0 is the hard-core repulsion contribution, and a 1 and a 2 are the perturbative terms. a 0 is obtained from the Boublik-Mansoori-Carnahan-Starling-Leland ͑BMCSL͒ equation of state,
where n = ͚ i i i n / 6, n =0, 1, 2, and 3, ⌬ =1− 3 . a 1 and a 2 are expressed, respectively, by
where ␤ =1/ k B T, G 0,ij ͑s͒ and G 1,ij ͑s͒ are, respectively, the reference and the first-order perturbative radial distribution functions in terms of Laplace transform,
ϫB mi ͑s͒B nj ͑s͒ e Fig. 1 .
͑21͒
In Eq. ͑18͒, ␦ ij is Kronecker delta function.
The corresponding analytical expressions for the compressibility factor and internal energy can be obtained from the standard thermodynamic relationship, 
͑24͒
where * = 1 3 is the reduced density, and Z hs is the compressibility factor of hard-sphere mixture, which is given by 27 Z hs = 1
The internal energy can be derived from Eqs. ͑13͒, ͑14͒, and ͑23͒. The result is given by U/Nk B T = a 1 + 2a 2 . ͑26͒
B. Structural properties
It is known that the MSA predicts good radial distribution functions at large distance, but it behaves worse at short distance. A simplified exponential ͑SEXP͒ approximation can be used to improve the accuracy for predicting radial distribution functions. Besides its simplicity and high accuracy, the SEXP approximation for the radial distribution function has strong theoretical basis. 18 Its expression within the FMSA approach is given by
where g 0,ij ͑r͒ is the radial distribution function of the hardsphere fluid, and g 1,ij ͑r͒ is the perturbative one in the FMSA approach. Their expression at contact can be obtained, respectively, from the BMCSL equation of state 27 and the FMSA approach.
IV. RESULTS AND DISCUSSION
The NVT Monte Carlo simulation results for the radial distribution function at contact g ij ͑ ij ͒, the internal energy U / Nk B T, and the compressibility factor Z for the binary HCTY mixture are listed in Tables I-VIII at nal energy and compressibility factor with the MC simulation data for the binary HCTY mixtures are shown in Figs. 1-8. Table I presents NVT MC results in case 1 for 2 / 1 = 0.5 and 2 / 1 = 0.5. Figure 1 shows a comparison between theory and MC simulation results of internal energy and compressibility factor in case 1 as a function of density at reduced temperatures T * = 1.5, 2.0, and 3.0. Theoretical predictions are in very good agreement with MC simulation results at T * = 2.0 and 3.0. The predicted internal energy is slightly higher than that of MC simulations at low temperature ͑T * = 1.5͒. Since in case 1 the interaction outside the hard core is attractive, the internal energy is negative at entire range of temperature and density. The internal energy becomes more negative as reduced temperature is decreased. In the meantime, the compressibility factor decreases as temperature is decreased. This finding is in accordance with that for pure Yukawa fluid in the literature. 16 Figures 2-4 show comparisons between theory and simulation results of internal energy and compressibility factor for 2 / 1 = 0.5, 2 / 1 = 0.5, and x 1 = 0.5 in cases 2, 3, and 4, respectively. In these cases, the total interaction is repulsive near the contact point but becomes attractive at enough long distance between particles. From Figs. 2 and 3 one can see that in most temperatures and densities, the internal energy is positive, and the compressibility factor increases as temperature is decreased. In case 4, the internal energy and compressibility factor vary similar to case 1 ͑see Fig. 1͒ because in both cases, the dominant interaction outside the hard core is attractive force. The theoretical predictions of internal energy and compressibility factor are in good agreement with the MC simulation results except for lower temperatures, where the theory slightly overestimates the internal energy. Also in Figs. 1 and 4 , the fluid-fluid equilibria can be found at some low temperatures. However, there is no fluid-fluid equilibrium in cases 2 and 3 due to the fact that the repulsive interaction between particles is dominant at the distance larger than the hard-core diameter ij .
Figures 5-7 presents comparisons between theory and MC simulation results of internal energy and compressibility factor of binary HCTY mixtures as a function of molar fraction and density for 2 / 1 = 0.5 and 2 / 1 = 0.5 in cases 1-3, respectively. From Figs. 5-7 one can find that at temperatures studied ͑T * ജ 3.0͒, the compressibility factor is dominated by the particle size ͑hard-core diameter͒, while the internal energy is dominated by the energy parameter. Because the size of component 1 is larger than component 2, the compressibility factor of the binary HCTY mixture increases as the molar fraction of component 1 is increased. The absolute value of the internal energy also increases as the molar fraction of component 1 is increased due to the energy parameter 1 Ͼ 2 . As can be seen from Figs. 5-7, theoretical predictions are in very good agreement with MC simulation data.
The effects of size ratio on internal energy and compressibility factor of binary HCTY mixtures are listed in Tables IV and V . Figures 8 and 9 show comparisons between theory and MC simulation results of internal energy and compressibility factor of binary HCTY mixtures as a function of size ratio and density for 2 / 1 = 0.5, x 1 = 0.5, and T * = 3.0 in cases 1 and 2, respectively. It is evident that theoretical predictions are in excellent agreement with MC simulation results for all values of size ratios. Figures 8 and  9 demonstrate that the absolute values of both internal energy and compressibility factor increase with the increase of the particle size.
The effects of energy parameter on internal energy and compressibility factor for binary HCTY mixture in cases 1 and 2 are listed in Tables VI and VII, respectively. From the tables, we found that as the value of energy parameter is increased, the absolute value of internal energy increases. When the total internal energy of the system is positive, the compressibility factor becomes larger with the increase of temperature. A contrary variation tendency of compressibility factor is found when the total internal energy is negative. Figure 10 shows a comparison of the internal energy and compressibility factor predicted from the FMSA approach with that from MC simulations for 2 / 1 = 0.5, x 1 = 0.5, and T * = 3.0 in case 1. This figure shows the energy ratio variation. Again, the analytical theory is in excellent agreement with MC simulation results.
The comparisons of radial distribution functions at contact from the SEXP approximation and MC simulations for binary HCTY mixtures are plotted in Figs. 11 and 12. dial distribution functions for the binary HCTY mixture as a function of distance at T * = 6.0, * = 1.3, 2 / 1 = 0.5, and 2 / 1 = 0.5 in case 2. It can be seen from Figs. 11 and 12 that the increase of density results in more frequent contact due to reducing the inert-particle distance. This behavior is the same as pure fluid interacting with a multi-Yukawa potential.
V. CONLUSIONS
Monte Carlo simulation results of internal energy, compressibility factor, and radial distribution function are presented for binary mixed colloids represented by the binary hard-core two-Yukawa mixture under various conditions in the fluid phase. The accuracy of the analytical results from the FMSA for the thermodynamic properties of the binary HCTY model fluid has been assessed against MC simulation data. The general agreement of the predictions from the FMSA with the simulation results is quite satisfactory. The effects of temperature, density, composition, size and energy ratios on internal energy, and compressibility factor have been investigated extensively for the binary HCTY model fluid. The FMSA predicts these effects very well and is capable of describing the fluid-fluid phase transition of the binary HCTY fluids at low temperature. Furthermore, we found that for the binary HCTY mixtures, the SEXP approximation based on the FMSA is quite accurate in prediction of the radial distribution functions at contact.
It is believed that the binary HCTY fluid model possesses a wide range of application due to its ease of use and its ability to capture crucial features of real fluids. 21 The FMSA described here is most promising for describing the thermodynamic and structural properties of mixed colloids, mixed globular proteins in electrolyte solution, dusty plasmas, etc.
